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1. Introduction
When K ⊂ L are ﬁelds and α ∈ L has αn ∈ K ∗ for some natural n, we call α a root of K , and we
call it a root of order n if n is least with this property. When this holds with αn = κ , the polynomial
Xn − κ
is often irreducible over K , for instance when the conditions of Capelli’s theorem (see, e.g., Theo-
rem VIII.9.1 in [3]) are satisﬁed. Then if V is an r-dimensional K -linear subspace of L, there are at
most r exponents j, 0 j < n, with α j ∈ V .
We are interested in more general conclusions of this kind. Early in our researches we found that
when α is a root of unity of order n, so that in particular it is a root of K = Q of order n, then not
more than c1r(log r + 1) powers α j with 0 j < n lie in any given r-dimensional Q-linear subspace
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following:
Theorem. Let K be a number ﬁeld of degree d with discriminant D and with w roots of unity. Let α ∈ Q be a
root of K of order n, and set αn = κ . Write the principal ideal (κ) as a/b with coprime integral ideals a,b, and
put A = |D|NK/Q(ab).
Then given an r-dimensional K -linear subspace V ⊂ Q, the number of powers α j ∈ V with 0 j < n is at
most
expγ · dw(A/ϕ(A))r(log r + 2) (1)
where γ is Euler’s constant.
Recently in an appendix to [1] it was shown that when α is a root of K of order n where K is a
number ﬁeld of degree d, then not more than c(d, r) powers α j with 0  j < n lie in any r-dimen-
sional space V over K . Here
c(d, r) = c2d1+1/ log+ log+ drc3r2
where log+ x = max(1, log x). The question remains whether a bound of this type, depending only on
d and r, is true with a better dependency on r, such as, e.g., in (1).
The subject of the present paper is relevant for certain diophantine equations. An equation
αx = f (x) (2)
where f is a polynomial implies that αx lies in the space V over Q spanned by the coeﬃcients
of f . When α is a root of order n of a number ﬁeld K of small degree, it is useful to know that
there are few exponents j, 0 j < n, with α j ∈ V , so that x with (2) will lie in few residue classes
modulo n. Solutions x = j + ny in a given class j (mod n) will have β y = α− j f ( j + ny) = f j(y) say,
with β = αn ∈ K . This is of the same type as (2), but β ∈ K where K is of small degree turns out
to be advantageous. As a matter of fact, simpler methods can be used for Eq. (2), but the method
described comes into play for equations
α
x1
1 · · ·αxnn = f (x1, . . . , xn)
studied in [8] and [1].
2. Proofs
In the proof of the theorem we shall use the following notation: ζn is a primitive root of unity
of order n, W (K ) is the group of roots of unity contained in K . K ∗〈α〉 denotes the multiplicative
group generated by K ∗ and α and [K ∗〈α〉 : K ∗] the index of K ∗ in K ∗〈α〉. For δ ∈ K ∗: e(δ, K ) = 0 if
δ ∈ W (K ), otherwise e(δ, K ) = sup{m ∈ N, δ = ζβm , where ζ ∈ W (K ), β ∈ K }.
The proof is based on ten lemmas.
Lemma 1. For all δ ∈ K ∗: e(δ, K ) < ∞.
Lemma 2. For all δ ∈ K ∗ , ζ ∈ W (K ) and m ∈ Z: e(ζ δm, K ) = |m|e(δ, K ).
Proof. See [6, Lemma 1]. 
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δ = εv , ε ∈ K (ζn),
then for every zero z of xe − δ we have [K (ζn, z) : K (ζn)] = ev .
Proof. We have
xe − δ =
v∏
i=1
(
xe/v − ζ ivε
)
and it suﬃces to show that the factors on the right-hand side are irreducible over K (ζn). Suppose
that xe/v − ζ ivε is reducible over K (ζn). Then, by Capelli’s theorem either there is a prime p such that
p | e/v and
ζ ivε = β p, β ∈ K (ζn), (3)
or
4 | e/v
and
ζ ivε = −4β4, β ∈ K (ζn). (4)
In the case (3) we have
δ = εv = β pv . (5)
Since β ∈ K (ζn) the Galois group of xpv − δ over K is abelian and by Theorem 2 of [7]
δw = ηpv , η ∈ K ,
hence, by Lemma 2,
we(δ, K ) = pve(η, K ).
Since pv | e and (e, e(δ, K )) = 1 we obtain pv | (e,w) and (5) contradicts the choice of v .
In the case (4) we have
δ = εv = (−4β4)v = ((1+ ζ4)β)4v . (6)
Since β ∈ K (ζn) the Galois group of x4v − δ over K is abelian and by Theorem 2 of [7]
δ = η4v , η ∈ K ,
hence, by Lemma 2,
we(δ, K ) = 4ve(η, K ).
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of v . 
Lemma 4. Let e,n be positive integers and δ ∈ K ∗ be such that, (e, e(δ, K )) = 1 and α = ζnδ1/e , where δ1/e is
any zero of xe − δ. Then
[
K ∗〈α〉 : K ∗]=
[
e,
n
(n,w)
]
, (7)
[
K (α) : K ] eϕ(n/(e,n))
(e,w)[K : Q ] . (8)
Proof. If α j = η ∈ K , then
ζ
je
n δ
j = ηe,
hence, by Lemma 2,
j · e(δ, K ) = e · e(η, K )
and, since (e, e(δ, K )) = 1, e | j. Now α j ∈ K gives ζ jn ∈ K , hence n | jw , n(n,w) | j and [e, n(n,w) ] | j.
On the other hand, α[e,
n
(n,w) ] ∈ K . This proves (7).
Now, by ﬁeld theory
[
K (α) : K ] [K (ζn,α) : K (ζn)][K (ζn) ∩ K (α) : K ]. (9)
By Lemma 3,
[
K (ζn,α) : K (ζn)
]= [K (ζn, δ1/e) : K (ζn)] e
(e,w)
. (10)
On the other hand,
K (ζn) ∩ K (α) ⊇ K
(
ζ en
)
,
hence
[
K (ζn) ∩ K (α) : K
]

[
K
(
ζ en
) : K ] [Q(ζ en ) : Q][K : Q] =
ϕ( n
(e,n) )
[K : Q] . (11)
The inequalities (9)–(11) give (8). 
Lemma 5. Under the assumption of Lemma 4 the number c(α, V ) of nonnegative integers j < [K ∗〈α〉 : K ∗]
such that ζ j ∈ V satisﬁes
c(α, V ) (e,w)[K : Q]r n/(e,n)
ϕ(n/(e,n))
.
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(e,w)[K :Q] ϕ(
n
(e,n) ), the claimed
estimate follows. Therefore, we may suppose r < e
(e,w)[K :Q]ϕ(
n
(e,n) ). By (8) any 
 e(e,w)[K :Q]ϕ( n(e,n) )
consecutive terms of the sequence 1,α,α2, . . . are linearly independent over K , so the density of
the set of terms which lie in V is  r(e,w)[K :Q]eϕ(n/(e,n)) , yielding c(α, V )  [e,n]r(e,w)[K : Q]/eϕ( n(e,n) ) =
(e,w)[K : Q]r n/(e,n)ϕ(n/(e,n)) . 
Lemma 6. Suppose that every prime factor of n/(e,n) is  r + 1 or divides a positive integer B. Then
c(α, V ) expγ · (e,w)[K : Q] · B
ϕ(B)
r(log r + 2). (12)
Proof. We have
n/(e,n)
ϕ(n/(e,n))
=
∏
p|(n/(e,n))
(
1− 1
p
)−1

∏
pr+1
(
1− 1
p
)−1
·
∏
p|B
p>r+1
(
1− 1
p
)−1
 expγ · B
ϕ(B)
(log r + 2),
where to estimate
∏
pr+1(1− 1p )−1 we have used Corollary 1 to Theorem 8 of [5]. 
Lemma 7. Let pa be a prime power with p  r + 2 and L a ﬁeld such that [L(ζpa ) : L] = ϕ(pa). Then any r + 1
distinct powers of ζpa are linearly independent over L.
Proof. When a = 1, any r + 1  p − 1 among 1, ζp, . . . , ζ p−1p are linearly independent over Q and
since [L(ζp) : L] = [Q(ζp) : Q] also independent over L. When a > 1 the powers ζ ipa (0  i < pa) are
ζ ipζ
j
pa (0 i < p, 0 j < pa−1). Since [L(ζpa ) : L] = [Q(ζpa ) : Q] it is easily seen that ζpa is of degree
pa−1 over L(ζp), so that a linear combination
∑
0i<p
∑
0 j<pa−1
ci jζ
i
pζ
j
pa (13)
with coeﬃcients ci j in L will vanish only if
∑
0i<p
ci jζ
i
p = 0
(
0 j < pa−1
)
. (14)
But when the double sum (13) has at most r + 1 nonzero coeﬃcients, then so does each sum in (14),
so that by the case a = 1, (14) holds only if all the coeﬃcients ci j vanish. 
Remark. For L = Q the lemma with the above proof is due to Mann [4].
Lemma 8. Let, in the notation of Lemma 6, B be the odd part of B0 = |D|NK/Q (discr K (δ1/(e,w))/K ), where
discr is an abbreviation for discriminant, δ ∈ K ∗ , (e, e(δ, K )) = 1. Let m be a positive integer, pa be a prime
power with p  r + 2, p  Bm,
L = K (ζm, δ 1e ),
then [L(ζpa ) : L] = ϕ(pa).
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[
K
(
ζn, δ
1/e) : K (ζn)]= e
(e,w)
[
K
(
ζn, δ
1/(e,w)) : K (ζn)],
since v occurring in that lemma does not change when w is replaced by (e,w). Thus we have
[
L(ζpa ) : K (ζpam)
]= e
(e,w)
[
K
(
ζpam, δ
1/(e,w)) : K (ζpam)],
[
L : K (ζm)
]= e
(e,w)
[
K
(
ζm, δ
1/(e,w)) : K (ζm)],
which gives
[
L(ζpa ) : L
]= [K (ζpam, δ1/(e,w)) : K (ζm, δ1/(e,w))].
Put K (ζm, δ1/(e,w)) = M . We have
K
(
ζpam, δ
1/(e,w))= Q(ζpa )M
and, since Q(ζpa ) is normal, Frobenius’s theorem (see [2, p. 29]) implies
[
Q(ζpa )M : M
]= [Q(ζpa ) : Q][Q(ζpa ) ∩ M : Q] =
ϕ(pa)
[Q(ζpa ) ∩ M : Q] .
It remains to show that
Q(ζpa ) ∩ M = Q. (15)
Now, discrQ(ζpa ) | paϕ(pa) ,
discr K = D,
(
discr K (ζm)/K
) ∣∣mϕ(m), [K (ζm) : K ] ϕ(m),
NK/Q
(
discr K
(
δ
1
(w,e)
)
/K
) ∣∣ B0, [K (δ 1(w,e) ) : K ] w,
hence
discrM = D[M:K ]NK/Q(discrM/K )
∣∣ B[M:K ]+ϕ(m)0 mϕ(m)w[K :Q]
and since p  2Bm,
(
discrQ(ζpa ),discrM
)= 1.
This implies (15). 
Lemma 9. Let, under the assumption of Lemma 8, pa be a prime power with p  B, p  r + 2, e = pb f , b < a,
(p, f ) = 1, where P = K (ζm, δ1/ f ), and (m, p) = 1, ( f p, e(δ, K )) = 1. Then for every subset J of Z ∩ [0, pa)
of cardinality r + 1 the numbers (ζpaδm/pb f ) j where j ∈ J are linearly independent over P .
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∑
j⊂ J
a j
(
ζpaδ
m/pb f ) j = 0, where a j ∈ P .
By Lemma 8 we have [L(ζpa ) : L] = ϕ(pa), where L = P (δ
1
pb ). Hence, by Lemma 7,
a jδ
mj/pb f = 0 and a j = 0 for all j ∈ J . 
Lemma 10. Under the assumption of Lemma 8 the number c(α, V ) satisﬁes (12).
Proof. We proceed by induction on the number of prime factors of n/(n, e) not dividing B .
If all prime factors of n/(n, e) not dividing B are at most r + 1, in particular, if there are none, the
assertion follows from Lemma 6. Therefore, we may assume that n = pam, e = pb f , where p > r + 1,
p  B , a > b, (p, f m) = 1 and we set ξ = αpa , η = αm . For every nonnegative integer k < [e, n
(n,w) ]
there exists just one pair 〈i, j〉 ∈ Z2 such that 0  i < [ f , m
(m,w) ], 0 j < pa and αk/ξ iη j ∈ K . Since,
in the notation of Lemma 9, K (α) ⊂ P , by that lemma there are at most r powers η j (0  j < pa)
in V+ = V ⊗ K (ξ), and they are linearly independent over P . Let they be η j1 , . . . , η js , let Vl = η− jl V
and let V ′l be the K -linear subspace of Vl spanned by ξ
i belonging to Vl , and tl = dim V ′l . We may
suppose that tl > 0 for 1 l q and tl = 0, otherwise. For l q we have by the inductive assumption
c
(
ξ, V ′l
)
 ( f ,w)[K : Q]expγ · B
ϕ(B)
tl(log tl + 2).
Summing over l we may conclude that the number of pairs 〈i, j〉 in question with ξ iη j ∈ V is at most
expγ · (e,w)[K : Q] B
ϕ(B)
q∑
l=1
tl(log tl + 2). (16)
Suppose ξ i(l,1), . . . , ξ i(l,tl) make up a basis of V ′l ⊂ Vl = η− jl V . Then ξ i(l,k)η jl are in V for 1  l  q,
1 k tl . We claim that these elements are linearly independent over K . If
∑
1lq
∑
1ktl
clkξ
i(l,k)η jl = 0
with coeﬃcients clk ∈ K , then each sum
∑
1ktl
clkξ
i(l,k) = 0 (1 l q)
by the linear independence of η j1 , . . . , η js over K (ξ). But this implies the vanishing of clk , since ξ i(l,k)
(k = 1, . . . , tl) are a basis of Vl , hence are linearly independent over K . This establishes over claim,
which in turn yields
q∑
l=1
tl  dim V = r.
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expγ · (e,w)[K : Q] · B
ϕ(B)
r(log r + 2),
which proves Lemma 10. 
Proof of Theorem. By Lemma 1, we can write αn in the form ζ iwβ
m , where i,m ∈ N and either β = 1,
m = n or e(β, K ) = 1. Putting e = n
(m,n) , δ = β
m
(n,m) we obtain for an integer k,
α = ζ kwnδ1/e,
(
e, e(δ, K )
)= 1.
Hence, by Lemma 10,
c(α, V ) expγ · w[K : Q] · B
ϕ(B)
r(log r + 2)
and it remains to show that
B
ϕ(B)
 A
ϕ(A)
. (17)
Now, let αn = λμ , where λ,μ ∈ O K . We have
(
discr K
(
δ1/(e,w)
)
/K
) ∣∣ discr K (δ1/w)/K = discr K (μδ1/w)/K .
Since μδ(m,n) = ζ−iw λ ∈ O K we have μwδ ∈ O K and
(
discr K
(
μδ1/w
)
/K
) ∣∣ discr(xw − μwδ)= ww(μwδ)w−1.
However
μwδ
∣∣μw(m,n)δ(m,n) = ζ−iw λμw(m,n)−1,
hence
(
discr K
(
δ1/(e,w)
)
/K
) ∣∣ wwλw−1μ(w(m,n)−1)(w−1)
and every prime factor of B0 divides A0 = w|D|NK/Q(λμ). However w | 2D and if a prime
p  NK/Q(ab), there exist λ1, μ1 in O K such that λ/μ = λ1/μ1 and p  NK/Q(λ1μ1). This proves that
every prime factor of B divides A, which implies (17). 
Remark. For n prime to w the same argument gives the bound expγ · [K : Q] |D|ϕ(|D|) r(log r + 2) inde-
pendent of κ . Note that (e,w) = 1 implies B0 = |D|.
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